Lesson 3.1

Slopes of Curves; Derivatives

Slope of a line (recap) The
slope of a line measures its
“steepness”: for any two slope = ——
points (X{,Y;) and (X,,Y¥,) on

the line, the slope is the ratio

of the “rise” Ay =y, —y,; to the (Xg, Y1)

rise | Ay=Yy, -y

“run” AX =X, =Xy, i.e. i
] X=X, —
S|ope—@—& i Xl
run  Ax’

Steep lines have large slopes (large rise
relative to run), flatter lines have
smaller slopes (small rise relative to

smaller run).
slope

positive
Increasing lines (going up towards the
right) have positive slopes (same sign
rise and run). Decreasing lines (going
down towards the right) have negative
slopes (opposite sign rise and run).

negative
slope

The slope of a line doesn’t depend on the pair of points on the line
used to calculate it; all pairs of points on the same line will give the
same slope.



Local slope of a curve For curves that aren't lines, a single overall
slope is not a very useful measure of steepness. Intuitively, the
steepness of a typical curve is different at different places along the
curve - if the curve in the diagram represented a mountain range, for
example, we would say it is steeper at the left-hand marked point than
at the right-hand one.

The quantity Ay/Ax is different for different pairs of points in the
curve, and gives at best an "average slope" of the curve between the
points - for the two marked points in the diagram, for example, it is O
(since Ay =0), and so gives no information about the hump and valley
between the points.



We need to modify the definition of slope to reflect the variable
steepness of a curve. Let's investigate by looking at a simple "one-
hump" curve

y =15 X(11-X)
near a typical point on it, say (1,1).

[ Plot the curve and the point,

~ zoom in several times on the
point, and notice what
happens as you zoom: the
closer you get to the point,
the more the visible part of
the curve resembles a line - it
"straightens out".

Read off from your zoomed
graph the coordinates of —
another point on the curve
and use it with the point (1,1)
to calculate Ay/AXx . You
should get a number close to
0.9. "Locally" - in a small
region near the point (1,1 - 1,2
the curve resembles a straight
line with slope approximately
0.9

(?.7)




Let's work this out algebraically. Suppose the nearby point has
X-coordinate near 1, so its X-coordinate is X =1+ h for some small
h # 0. Its y-coordinate is then

y =4 @+h[11-(1+h] =4 (10+ - If)
SO
py 10+ -n?)-1

AX (1+h)-1
_9-h
- 10
=0.9-(0.Dh

Since h is small, this is close to 0.9, as expected.

Now zoom in closer, pick another nearby point and calculate Ay/AX
again. The visible part of the curve appears straighter, and the nearby
point must be chosen closer to (1,1) than before, so h will be smaller
than before and Ay/Ax will be closer to 0.9.

Suppose you repeat this process over and over. In effect, what you
are then doing is a limiting process: you are taking the limit of
Ay _

—2=0.9-(0.Dh
A (0.

as h approaches 0. The curve "straightens out" in the process, so the
result 0.9is a good candidate for the slope of the curve near (1,1).



Let's formalize this process into a definition. Suppose we have
the graph of a general function y= f(X) and a general point (a, f(a))
on it.

Zoom in on (a, f(a)) and y= (%)
calculate Ay/Ax from the
given point (a, f(a)) and a
nearby point on the curve.
This point has x-coordinate
X = a+ h for some small value
h and y-coordinate
y= f(a+h), so
Ay f(a+h)-f(a)
AX  (a+h)-a
_fa+h-f(a
- h
The closer the zoomed part of
the curve resembles a lineg,
the better candidate the
quantity Ay/Ax s for the
slope of the curve near the
point (a, f(a)).

(a+h, f(a+ h)

Repeat the process: zoom and calculate. At each step, the nearby
point (a+ h, f(a+ h) must be closer to (a, f(a)), so the value of h must
be closer to 0. If the visible part of the curve becomes straighter as
you zoom, the number Ay/AXx becomes a better description the slope
of the curve near (a, f(a)). It then makes sense to define the slope of
the curve at (a, f(a)) to be the limit of Ay/Ax as h - 0.

LY NI EERAAZN The slope of a curve y= f(X) at the
point (a, f(a)) on it is defined to be the number
im f(a+h)-f(a)

h-0 h

if this limit exists.

O Find the slope of the curve y= %x(ll—x) at the

point (6,3) by zooming and then check your answer algebraically.



M Find the exact slope of the curve y=+/x at the

point (4,2).

Solution Here a=4 and f(X)=+/X, so the slope is

im @ =1@) V4+:_M

h-0 h h-0

_ “mM—Z NA+th+2
h-0 h NA+h+2

—lim (4+h)-4
h-oh(+/4+h +2)

Clim
h-0+/4+h+2

1

J4+2

gCheck this answer by zooming in on the graph of y=+/X near (4,2).m

O IITERER®Y Find the slope of the curve y=1% at (2,3)

algebraically and then check your answer by zooming in on the graph. '



Derivatives The special limit used to find slopes of curves occurs in
many other contexts, and so has a name and a notation.

DETNVETNET N LI For any function y = f(X), the
number

L fa+h) -f(@)
h-0 h

f(a) =i

if it exists, is called the derivative of the function f at
the value X=a.

m Calculate the derivative of f(x)=(x+3)*at x=0.

Solution

£/(0) = lim 10X = 1(0)
h-o h
_ Iim(o+h+3)2 —(0 +3)?
h-o h
~) (h? +6h +9) —(9)
h-o h
=lim(h+6)

-0

=0 =

LI e Use the definition to find the derivative of
f(x)=+x(x-2) at x=2. [J

(o] 11T /@ TS 1T, 8 Show that, at X =0, the derivative of sinx is 1 and

the derivative of cosx is 0.

(o JTTTe /o TSI, Identify "by inspection" a function f and a number
a such that

(2+h)e?" -2¢

f (a):Llfrg

(o JTTT Qo T-IS {1 M Without calculation or graphing, give the derivative
of f(Xx)=37x+41at x=11L



m Use the definition to calculate the derivative of

f(x)— 1at X =2.

Solution
f1(2) = im 1 2*M =1
h-0 h
(2+h)? _ 22
:| 2+h)+1 2+1
h- h
1E(2+h) 40

i

OHD 3+h 5%

;Dx2+m ~(3+hja]
hD B+h)(3) O
1g1z+12h+3h2) (12 +4h)

“oh @ (3+h)(3)

53

li
ho

3.

-
i
E

_“m1E8h+3h2
~0h33(3+h) D

8+3h

3+h)

j .

o3

@Ioo

I
w
‘oo

3 ~

AT BBl Use the definition of a derivative to calculate f'(3)
for f(x)= \/%. at x=3. [J




Derivative calculations with your CAS. To calculate derivatives of
more complicated functions, you can often use your CAS to do the
necessary work. To set this up so you can reuse your work, first
define the difference quotient

difference _ f(a+h) - f(a)
quotient h '

Then, for each derivative you want to find, define the function f and
the value of a, and substitute both into the difference quotient. Use
your CAS to simplify the difference quotient (don't multiply out the
denominator - you need a factor h in the denominator to cancel a
factor h in the simplified numerator). Finally, take the limit as h
approaches 0.

g AT B B8 Use your CAS to find the slope of the curve
x° -5
x* +1

y:
at the point (4,1) . [J



Solutions to the Problems

ALLIC R Y Find the slope of the curve y=5 at (2,%)

algebraically and then check your answer by zooming in on the graph.

Solution For f(X)= %, the slope of the curve at (2,%) is
lim f(2+h)-f(2)
h-0 h

2

Iml[Q (2+h)%
he ohJ2(2+h)




dGLIE A  Use the definition to find the derivative of
f(x) =+Xx(x—-2) at x=2.

Solution

lim f(2+h)-1(2)

h-0 h

J2+h(2+h=-2) =/2(2 -2)
h

£1(2) =

S5S= 35—
N o3 o3

(V2+h)



e[ e el Use the definition to calculate the derivative of the
function f(x) = L atx=3

A X+1
Solution

f,(3):”mf(3+h)—f(3)

h-0 h
1 1
Ilm“(3+h)+l N3+l

h-0 h

1

= lim = ——H
h-ohW4+h 2
_ lim 1[]2 ~N4+h D
h- 0h|:|2’\/4+ D

—I 1[12 ~4+h 2+«/4+h%
ohDZ«/4+ 2+4+h[

= lim o S aall) D
- oh%m h(2+V4+h)g
o -1
_J\IT)Z«/4+h(2+«/4+h)
o
2:4(2+/4)

=-1
16




AT e -] Use your CAS to find the slope of the curve
x* -5
x?+1

y:
at the point (4,4

117/

2 —
Solution The slope is f'(4), where f(x) = X2 _j.
X

difference _ f(4+h)-1f(4)
quotient h

1E(4+h)2 5 4%- 55
Th@+h?+1l 42+10

1EIL6+8h+h2—5 115
h516+8h+h2+1 170
111+8h+h? 110

5 =[]
h%l7+8h+h 175
1 F17(11+8h +h?) -11(17 +8h +h?)
sy
hg 17(17+ 8h + h2)

-
0
5
;% 48h + 6h?

= (17+8h+h2)

48+6h
17(17 +8h + h2)

=
0
=

The derivative is then
W e T ifferencel
t'(4) = J]'m)mquotient %
48+ 6h

=M (17+8h+h2)

_ 48
17x17

— 48
289

Your calculations may appear different, depending on how you use
your CAS to simplify the difference quotient.



